Basing on a general formulation of the hydrodynamic model for semiconductor devices [1] , a consistent approach to the solution of the model equations is proposed, along with a method for selezting the closure condition. The definition of the coefficients of the hydrodynamic and energy-transport models is then re-examined in order to make a comparison between them possible. Finally, the closure condition is discussed and compared with others proposed in the literature.
INTRODUCTION
he hydrodynamic (HD) model has become a useful tool for the simulation of semiconductor devices. Based for instance on the discretization scheme depicted in [2] , one-and two-dimensional implementations have become available [3, 4] , which in turn have been exploited to further investigate some physical aspects [5, 6] . More recently, the implementation has been extended to three dimensions and the physical model incorporates the lattice temperature as well [7] . Comparisons with Monte Carlo analysis and experimental results (see, e.g., [1, 5, 6] ) show that the distribution of the electric potential, carriers' concentration, and average energy in realistic structures can be obtained at an acceptable computational burden, thus making the model considerably helpful in the design of VLSI integrated circuits. For instance, phenomena such as velocity overshoot and impact ionization are simulated to such an extent as to provide a quantitative indication of substrate currents and breakdown voltages. The spatial distribution of the average energy This work was part of ADEQUAT (JESSI BT1B) and was funded as ESPRIT Project 7236. of the particles made available by the model can be exploited for the estimate of carrier injection into the gate oxide (the injection typically occurs when the carrier average energy becomes considerably larger than that of the lattice, which is referred to as carrier heating). The usefulness of the hydrodynamic model makes it desirable to deepen the investigation on both the mathematical and physical aspects of it. It is also useful to compare its features with those of other models incorporating the description of the carrier average energy, such as the energy-transport (ET) model [8] .
An [12] using the Monte Carlo method, and later on in [13] using the method based on the spherical-harmonic expansion [14] . The anisotropy of the band, in turn, is averaged when adding up the contributions of the valleys.
Letting M c 1, E(k)= h2k2/(2m), from the definition of the group velocity
one finds hk mu m(v, + c.).
In the above, rn is the (scalar) effective mass of the electron. From (4), (5), and (16) 
rn rn
Eq. (22) is of course the steady-state form of (14) . As for (23), the. second term at the left hand side (i.e., the convective term for M--0) is negligible when the velocity regime of the carriers is subsonic [15] The above discussion lends itself to the determination of a closure condition which is intrinsic to the scheme itself. To this purpose it is useful to base the reasoning on (20). There one sees in fact that the "link" appears at the right hand side within the argument of the divergence operator. The secondary unknown, in turn, is present at both sides, namely, in algebraic form on the left and within the divergence operator on the right. The idea is that of obtaining the closure by neglecting the divergence of terms of rank higher than M in c,. To accomplish this one must use (2) , (5) (14) .
Examples of application of the hydrodynamic model where C, accounts for Shockley-Read-Hall, Auger, and impact-ionization transitions are given, e.g., in [6, 16] . It will be shown in section 6 that the ratio
Tqn/Tpn appears in the expression of the heat flux and thermal conductivity. The two relaxation times have been calculated by the method of [14] and are shown in Fig. 1 . In recent years, a transport model involving the moments up to order 2 of the BTE has been proposed, which is referred to as energy-transport model [8] . In the following, the features of the energytransport model will be re-examined within the general frame of the moment method. It will be shown that, although the form of the equations looks similar to that of the hydrodynamic model, more complications are actually hidden in the coefficients of the odd moments. Since the analysis is similar for the carrier-and energy-continuity equations, for the sake of simplicity the M 1 case only will be considered. The corresponding moment turns out to be [1] --fBIlfl d3k fB"i'II(U gradxfo)d3k hydrodynamic model, given by qZp,/m with Tpn given by (64). As far as quantity B, in (71) [8] , one sees that the last two terms of (80) are missing there. In particular, neglecting Jne, is equivalent to considering r independent of position (compare with (69), (70)), hence to ignore impurity scattering. As for term qv grad(nv), it originates from the contribution of the drift velocity inherent in the definition (69) of 'n (the latter, in turn, is fully equivalent to Eq. (6) of [8] ). Hence the carrier transport, as modeled in [8] , either spuriously incorporates in the diffusion coefficient a contribution from the drift velocity or (depending on which expression for the diffusion coefficient is actually used) neglects term qv n grad(rrnVn)on the right hand side of the transport equation.
The treatment of the M 3 case is similar. It is worth noting that the necessity of a closure condition is apparently missing from the energy-transport model. A closer look shows that it is actually present in the definition of the energy-diffusion coefficient B e which plays in the equation for the energy-flux n density the same role as B n in (72). In fact, the energy-diffusion coefficient embeds a moment of rank 4 in the same manner as the mobility defined by (74) embeds a moment of rank 2. As a consequence, this brings about the drawback that the closure condition of the ET model is affected by the macroscopic model chosen for Bn e. ._ et t. ,-ret la,ncnl,, gradn + qvn grad(rrno,,) + Jenth,
to be compared with the hydrodynamic one (45) Jn n F + ftn n grad( kn T,, ) + ,, kBTn grad n.
Now, observing that in [8] In a recent paper, the derivation of the hydrodynamic model has been reworked from the thermodynamic viewpoint, using the entropy principle [19] . Among the outcomes of that theory is a constitutive relation for Q (Eq. (33))whose convective part is identical to that of (85). The non-convective part, in turn, is made identical to that of (85) using the substitution (93). This hints, that the closure conditions of [12] and [19] (31) . The latter, supplemented with additional information (such as the diagonal nature of the tensor involved), renders a closed set of equations. As interesting feature of the closure condition is that it is intrinsic to the equations; in other terms, it can be stated for any set of consecutive pairs in a formal way. Another observation is that the grouping of the equations into pairs automatically pinpoints the closure condition at an even-rank tensor. This is consistent with the suggestion of closing at the fourth rank instead of using Fourier's law, that has recently been proposed in [11] . However, a comparison with the results of [11] is beyond the extent of this paper.
As an example of application, the first two pairs (0,1), (2, 3) [12] and [19] . It has been shown that the closure condition here gives rise to a different form of the non-convective part of the heat flux (85) and, consequently, of the energy-flux density (92). This brings about the necessity of numerical experiments in order to assess the importance of each term in realistic situations. Formally, the presence of both grad n and grad T in (92) hints the possibility of a partial compensation in case of rapid spatial variations in the unknowns. Other features of the model are in common with those of [12] and [19] , and confirm the insufficiency of the Fourier law in this framework. In particular, they are the presence of a convective part of the heat flux and a factor Tqn/'rpn in the expression of the energy-flux density.
Within the approximation of the model, factor Zq/Zpn is a function of the moments and impurity concentrations, hence of position. Finally, all coefficients are expressed in terms of the relaxation times, without resorting to independent information such as the Wiedmann-Franz law.
